I. Introduction
he noise from high-performance military jets is a concern for military personnel who work closely with the aircraft, as well as for communities who may be exposed to such noise. In addition to the high noise levels associated with the aircraft, acoustic shocks may pose an additional risk for both annoyance and hearing loss risk. It is necessary to understand the nature and formation of the acoustic shocks to accurately understand and predict their effects in the sound field. The principles that guide the formation and decay of acoustic shock waves are outlined in nonlinear propagation theory.
The high levels associated with military fighter jet noise mean that linear propagation assumptions are no longer valid. Nonlinear effects are easily observed in the steepening of waveforms in the time domain, which results in spectral broadening and a 1/ 2 high-frequency spectral slope 1 in the power spectral density. These effects have been observed in both laboratory 2, 3 and full-scale [4] [5] [6] [7] [8] measurements, although the importance of cumulative nonlinear effects in the laboratory scale has been questioned. 9, 10 The nonlinear propagation of noise has been numerically modeled using many algorithms and in many situations, including military aircraft.
11- 15 Blackstock 16 was one of the first to attempt to predict nonlinear propagation of jet noise, followed by Morfey and Howell. 8 Predictions of nonlinear behavior have been shown for multiple aircraft, including the F-18, 17,18 F-22, 4,5 and F-35. 19 Gee et al. 4 propagated waveforms from an F-22, from a distance of 61 m to 305 m, along the 125° radial, showing significantly higher levels at high frequencies compared with linear predictions, and showing that measurements agreed closely with nonlinear predictions. A follow-on study in 2008 5 showed similar results, but broader in scope. Two measurement conditions, 90% ETR and afterburner, were shown at 90°, 125°, and 145°, and multiple propagation distances were considered. Gee et al. 2012 19 used a slight modification to the nonlinear propagation algorithm and showed variations in nonlinear propagation with differing weather conditions.
In this paper the nonlinear propagation of jet noise is considered for multiple engine conditions and at a greater angular range than previously shown, including in the forward region of the aircraft. A brief overview of the experimental setup is provided, followed by an examination of time waveforms and spectral maps to shown the presence of nonlinear steepening and spectral effects. Spectra at specific locations are shown and examined for nonlinear spectral broadening and other measurement effects such as multi-path interference and atmospheric absorption. Finally, spectra from nonlinear and linear predictions are compared with measurements for multiple angles and engine conditions. These confirm previous findings of significant nonlinear effects in the direction of maximum radiation and show that at high engine conditions a small nonlinear transfer of energy is occurring in the forward direction as well, which may cause changes in the perceived noise.
II. Experiment Overview
In September 2013, extensive measurements were conducted of the F-35A and B sound fields in compliance with the ANSI S12.75 standard for the acoustical measurement of installed, high-performance jet engine noise. 20 These measurements included data from 19.2 m to 1220 m over a wide range of angles, with multiple recordings of each engine condition for each aircraft. These measurements allow a wide range of analyses to take place, with comparisons between aircraft, weather conditions, angle, and engine power. In this section an overview of the experiment layout is presented, followed by a brief description of key results.
A. Experiment Layout
A detailed description of the ground run-up measurements has been given by James et al. 21 , and as such only a short explanation will be given here. As can be seen in Fig. 1 , microphones were placed in over 235 locations around the tethered aircraft, with some located in arrays near the shear layer, and many located in arcs located at =19.2, 28.7, 38.1, 76.2, 152, and 305 m from a predetermined microphone array reference point (MARP), located roughly 7 m from the engine's nozzle exit. In addition to the various arrays located within 305 m of the MARP, microphones were hung at multiple heights from two cranes located at 610 m and 1220 m from the MARP, along the radial 135° relative to the nose of the plane. Microphones were also located 9.1 m (30 ft) above the ground at 610 m and 1220 m along 120° and 150° radials. Measurements were taken as the tethered aircraft was operated at various engine conditions, from idle to maximum afterburner, for both the A and B variants. 
B. Waveform Propagation
The sound levels produced by military aircraft are high, such that nonlinear propagation effects are likely to be seen. These propagation effects are often seen in the form of waveform steepening and shock formation, which can be verified by visual inspection of the time waveforms. Time-aligned waveforms measured at maximum afterburner at different distances along the 135° radial are displayed in Fig. 2 , similar to those shown by Gee et al. 5 and Fievet et al. 22 The 135 ° radial is shown as cranes at = 610 m and 1220 m were located along this radial. The waveforms are normalized by the maximum value at each distance and plotted against retarded time. In the time-aligned waveforms, individual shock waves form and decay as the wave propagates from 19.2 m to 1220 m. For example, the rapid rises in pressure at 0.905 s and at 0.953 s in the waveform at 19.2 m have steepened into shocks by 38.1 m, and these shocks persist past 152 m. In the 305 m waveform, the 0.953 s shock has started to decay, whereas the 0.905 s shock continues to 305 m and begins to decay by 610 m. These waveforms show that nonlinear steepening occurs along the maximum radiation direction as the wave propagates away from the aircraft, and that acoustic shocks can be seen at least 610 m away from the jet. The formation and decay of shocks from 19.2 m to 1220 m is evidence of cumulative nonlinear propagation. 
C. Spectral Maps
A close examination of the angular variation in the OTO spectra is provided at 76.2 m and 305 m in Figs 3-4 for 50%, 75%, 100%, and 130% ETR. The spectra are shown from 0° to 160° and from 50 Hz to 20 kHz. Although the spectra are not shown for the maximum afterburner case, 150% ETR, they are similar to those seen at 130% in Fig.  3 (d), with a small increase in level. At = 76.2 m, the far-field directivity of the source is identifiable and shifts farther from the engine nozzle centerline as ETR increases -from 145° at 50% to 120° at 130%. In this region of maximum radiation, the peak frequency is located between 70-300 Hz, though the peak frequency changes slightly with engine condition. Additional effects on the spectra can be seen due to multi-path interference in both figures, in particular at 90° as multiple dips and peaks are seen with increasing frequency.
The nonlinear steepening seen in Fig. 2 is also evident in the frequency domain. As the waveform steepens, the spectrum broadens, with the primary energy transfer to higher frequencies, which can be thought of as a lack of absorption. The average temperature for these measurements was 20.9°C, the relative humidity was 44.0%, and the ambient pressure was 93.4 kPa. For these atmospheric conditions, the linear absorption between 76.2 m and 305 m, calculated according to the ANSI standard, 23 predicts a loss of more than 100 dB at 20 kHz. Thus, in the case of linear propagation, the difference in levels at 20 kHz shown in Figs 3 and 4 would be below the noise floor of the microphones at = 305 m. While the levels above 10 kHz are below the noise floor of 40 dB for the lower engine conditions in Fig. 4 (a) and (b), at the higher engine conditions, the 20 kHz levels are greater than 80 dB along the far-field directivity angle (Fig. 4 (c) and (d). The fact that the high-frequency levels are greater than the noise floor of the microphones indicates that nonlinear propagation is still supplying energy to the higher frequencies at 305 m over a large range of angles. A more detailed analysis of spectra at specific microphones can help quantify the nonlinear effects. 
III. Spectral Analysis
The waveform steepening and spectral maps shown in the previous section provide evidence for nonlinear propagation effects in the far field of the F-35B. However, a detailed analysis of the spectra at individual distances and angles can shed light on where nonlinear propagation is occurring and to what extent. Before this analysis, linear and nonlinear propagation effects on the spectrum will be discussed, following which the spectra will be shown.
A. Spectral Effects
As described briefly above, waveform steepening results in a transfer of spectral energy from the peak-frequency region to higher frequencies. In a waveform containing weak shocks, the spectrum of the noise decays at 1/ 2 . 1 For OTO spectra, which are presented here, the expected roll-off rate for high frequencies is 10 dB/decade. 5 As the waveform continues to propagate, rise time increases and the shocks begin to thicken. As the shocks thicken the linear absorption at high frequencies has a large effect and the roll-off of the spectrum at higher frequencies increases. For initially sinusoidal plane waves this occurs when the distance, , is equal to the absorption length, defined as
where ( ) is the absorption coefficient. 24 For sinusoidal plane waves, this distance is independent of initial source amplitude. Others have shown this transition to what is called the old-age region while incorporating geometric spreading 25 and for broadband noise. 26 When the absorption length is equal to the distance from the noise source, a steeper spectral roll-off can be expected. The distances at which far-field microphones were situated in the current experiment are listed in Table 1 along with the frequency associated with the absorption length at that distance. The absorption length is calculated using meteorological data from the measurements over a range of frequencies, then the data are interpolated to find the frequency with the absorption length at the microphone distances from the MARP. Table 1 . The frequencies with an absorption length corresponding to measurement locations. The absorption length is calculated using meteorological data from the given measurement time over a range of frequencies, then the data are interpolated to find the frequency with the absorption length at the microphone distances from the MARP.
Distance
In addition to the nonlinear effects that affect the high-frequency roll-off of the spectra, ground reflections can have a significant effect on discrete frequencies. Both the aircraft nozzle and the microphones used to record data were located off of the ground, producing a minimum of two paths by which sound can travel from the noise source to the microphone, either directly through the air or after reflecting off of the ground. If we assume a point source at a height of 1.82 m above the MARP and a rigid ground, the discrete frequencies at which the two paths will interfere destructively can be found if a finite ground flow resistivity is assumed, 27 in this case the value of 3,000 rayls was used, typical of hard-packed earth. Although the model gives the effect of constructive and destructive interference over a range of frequencies, Table 2 lists the first frequency at which destructive interference is observed. This null has the most significant effect on OTO spectra due to averaging, and the effects of higher frequency nulls are diminished due to turbulence in the atmosphere. 
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B. Spectral Comparisons
With the above analyses and expected behavior concerning spectral decay, absorption length, and ground reflections, the spectra measured at specific locations can be examined for evidence of each of these phenomena. The spatial dependence of the spectra along 30°, 90°, 135°, and 150° radials are shown in Figs. 5-8, respectively. These angles are chosen because they correspond with spatial regions where the noise properties are significantly different: forward direction, sideline of the MARP, near the maximum radiation direction and farthest downstream positions. Though some angles had microphones at a greater range of distances, at all four angles the waveforms measured at 38.1 m, 76.2 m, and 305 m from the MARP are shown for four engine conditions: (a) 50%, (b) 75%, (c) 100%, and (d) 130% ETR.
As the ETR increases, the spectral shape at higher frequencies changes for all four angles. The greatest nonlinear effects are expected in the maximum radiation direction, shown in Fig. 7 . In this direction, the levels at higher frequencies are greater than 80 dB at = 305 m from the source, a level inconsistent with linear losses. In addition, from linear assumptions one would expect that between 38 m and 76 m the spectral levels at higher frequencies in Fig. 7(d) to have decreased relative to lower frequencies. Instead, the spectral shape is essentially unchanged, as the nonlinear transfer of energy to higher frequencies balances out the loss due to absorption. This change in the slope of the high-frequency portion of the spectral shape is most easily observed in the spectra at 76 m, but can also be seen in the152 m and 305 m spectra, indicating nonlinear propagation. If shocks are present in the waveform, the high-frequency roll-off should be roughly 10 dB/decade, and this is seen to some extent for all four ETR shown. The roll-off should also steepen at the frequencies calculated in Section III A. as the distance is on the same order of magnitude for the absorption length of that frequency, and these values do correspond with changes in the spectral shape, especially at greater ETR. These same trends are seen in Figs. 6 and 8, though at a slightly lower level. Also of note is the strong evidence of a ground reflection null for all ETR in Fig. 6 . For the spectra at 19 m, this null occurs between 500-600 Hz, precisely at the value calculated in Section III A. Also evident is the presence of interference in the spectra of microphones at 610 and 1220 m at frequencies well below those at which ground reflections would be expected. These interference nulls provide further evidence for a downward-refracting atmosphere, due to either a gradient in wind or temperature.
Along the 30° radial in Fig. 5(a) , the spectrum measured at 76 m begins to sharply roll off at roughly 3 kHz, but in Fig. 5 (c) and 5(d) the roll-off is much more gradual, even at frequencies as high as 20 kHz, where absorption should be having a large effect. The persistence of the shallower spectral slope at high frequencies implies that the high-frequency loses expected from atmospheric absorption are being countered by nonlinear propagation effects. Though the rate of roll-off is greater than would be expected if shocks were present, it is still smaller than would be expected if purely linear behavior is assumed. Because of this, the spectral shapes alone do not conclusively exhibit the effects of far field nonlinear propagation in the forward direction. This concept is revisited in a later section. 
IV. Nonlinear propagation modeling
The above spectra certainly suggest that nonlinear propagation is a factor, at the very least out to 305 m and possibly farther, and at a broad range of angles. However, in order to quantify the effect that nonlinear propagation has on both the waveform and the spectrum, the nonlinear effects must be compared with a linear prediction. To do this, both linear and nonlinear propagation schemes are used to numerically propagate waveforms measured at 76.2 m to 305 m, and the resulting spectra are compared with those calculated from the measured waveform at 305 m. Though three angles have microphones at distances greater than 305 m, this distance is chosen to compare across a wide range of angles from 0° to 160°.
A. Nonlinear algorithm and spectral correction
The nonlinear propagation code is similar to that used by Gee et al. 19 It is a hybrid time-frequency domain algorithm based on the Generalized Burgers Equation (GBE) and incorporates geometric spreading, atmospheric absorption, and quadratic nonlinearity as well as weak shock theory developed by Pestorius and Blackstock 11 to more efficiently propagate shocks. A similar code that neglects the quadratic nonlinearity is used to propagate the waveforms linearly. The spectra from these nonlinear and linear predictions can be compared against each other and against the spectrum of the measured waveforms.
Multi-path interference presents a problem in comparing numerically propagated waveforms with measurements. Measurements at 76 m have an interference pattern due to the geometry of that location and other weather effects, but these frequency-domain patterns are still carried throughout the propagation process. However, at 305 m an entirely different interference pattern is seen, and the numerical models have no way to correct for these changes. To account for this difference in spectrum an empirical correction, developed by Gee et al. 2007 4 and used again in Gee et al. 2012 19 for meteorological and propagation environment effects not treated by the GBE model, is applied. Based on the assumption that over a short period of time, the changes in spectra due to interference effects and meteorology between the two distances are consistent, the correction is the difference between the spectra from the numerical propagation and the measurement. This correction uses the change in spectrum between the two measurement locations from a low-power measurement where nonlinear effects are minimal, in this case 50% ETR, to correct predictions at higher measurement location. The measured waveform for 50% ETR is nonlinearly propagated to the second location, and the difference between the predicted spectrum and the measured spectrum is calculated. For higher engine power conditions, this difference is then added to the predicted linear and nonlinear spectra, such that HP,corr = HP,pred + ( LP,meas − LP,pred )
where HP indicates high power, LP low power, HP,corr is the corrected spectrum, and pred and meas refer to the predicted and measured spectra. Note that this correction is only applied below 1 kHz due to noise floor issues at 305 m above this frequency. However, this frequency range corresponds to the largest changes due to interference, and nonlinear propagation effects are small at 50% below 1 kHz.
B. Nonlinear prediction comparison
Both the linear and nonlinear propagation algorithms are applied to waveforms measured at = 76.2 m to estimate waveforms at =305 m. The empirical corrections in Eq. (2) are estimated separately at each angle and applied to the spectra of the numerically propagated waveforms in both the linear and nonlinear cases. The linearly and nonlinearly propagated waveforms are compared with the spectra measured at 305 m for 50% ETR in Fig. 9 at 30°, 90°, 135°, and 150°. For this low ETR, at both 30° and 90° there is essentially no difference between the linear and nonlinear predictions. At 135° and 150° small differences are seen but all three spectra are within a few decibels of each other.
As ETR increases, so do the differences between nonlinear and linear predictions. At 75% ETR, as shown in Fig.  10 , nonlinear effects are evident at 135° and 150°, shown in Fig. 10(c) and (d) , where there is a large difference among the higher frequencies. In both these cases, the measured spectrum very closely resembles the nonlinear prediction. In spite of differences in the spectra at low frequencies due to interference nulls, the nonlinear propagation code accurately characterizes the high-frequency behavior within 1-2 dB. The difference between the linear and nonlinear predictions is greater at 100% ETR, as shown in Fig. 11 . The relative increase in highfrequency energy is again most evident at 135° and 150°, but small differences in the high frequencies can also be seen at 30° and 90° in Fig. 11(a) and 11(b) .
In the discussion of Fig. 5 the point is made that the spectral roll-off at high frequencies could show nonlinear behavior in the forward direction. Further evidence is seen in Fig. 11(a) and (b) , where nonlinear predictions agree with measured data more closely than linear predictions. The evidence of nonlinear propagation in the forward direction is even clearer at 130% ETR. In Fig. 12(a) , the measured spectrum at 8 kHz is 10 dB higher than the linear prediction. Though the nonlinear method slightly overestimates the spectrum at the higher frequencies, it is more accurate than the linear prediction, indicating a degree of nonlinear propagation in the far-field forward direction.
The results show that spectra calculated from measured waveforms closely resemble those using the nonlinear propagation algorithm. In some cases the nonlinear algorithm overpredicts the level at high frequency, but this is possibly due to terrain effects such as dense shrubbery nearby, which could substantially affect higher frequencies. At lower ETR the linear and nonlinear predictions are nearly aligned, but at higher conditions the measured data agrees more closely to the nonlinear predictions, even at 30°, in the forward direction of the aircraft. Because the nonlinear predictions accurately reflect changes in the spectra, in particular at high frequencies, a comparison between linear and nonlinear predictions can be used to quantify the strength of nonlinear effects as a function of angle, which will be shown in the following section. 
V. Conclusions
Recent measurements have allowed a comparison of nonlinear propagation effects for full-scale military aircraft over a greater range of distances, angles, and operating conditions than previously reported. Evidence of nonlinear propagation can be seen in the time domain, evidenced by steepening waveforms, and in the frequency domain, where it is seen as high-frequency levels when linear absorption predicts losses of more than 100 dB. The presence of nonlinear effects is confirmed through a spectral comparison of calculated spectra with predictions made using linear and nonlinear propagation algorithms. The nonlinear propagation more closely aligns with the calculated spectra and show significant gains over the linear predictions at high frequencies, even to some extent in the forward direction.
